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Abstract
The objective of this work is to analyze the temperature oscillations
that occur in a gas in a circular motion under the action of a Reissner-
Nordstro¨m gravitational field, verifying the effect of the charge term of
the metric on the oscillations. The expression for temperature oscillations
follows from Tolman’s law written in Fermi normal coordinates for a co-
moving observer. The motion of the gas is close to geodesic so the equation
of geodesic deviation was used to obtain the expression for temperature
oscillations. Then these oscillations are calculated for some compact stars,
quark stars, black holes and white dwarfs, using values of electric charge
and mass from models found in the literature. Comparing the various
models analyzed, it is possible to verify that the role of the charge is
the opposite of the mass. While the increase of the mass produces a
reduction in the frequencies, amplitude and in the ratio between the fre-
quencies, the increase of the electric charge produces the inverse effect. In
addition, it is shown that if the electric charge is proportional to the mass,
the ratio between the frequencies does not depend on the mass, but only
on the proportionality factor between charge and mass. The ratios be-
tween the frequencies for all the models analyzed (except for supermassive
black holes in the extreme limit situations) are close to the 3/2 ratio for
twin peak quasi-periodic oscillation frequencies, observed in many galactic
black holes and neutron star sources in low-mass X-ray binaries.
1 Introduction
The Reissner-Nordstro¨m metric is a solution of Einstein’s field equations that
corresponds to the gravitational field produced by an electrically charged mas-
sive object (see e.g. the books [1, 2, 3]). Some theoretical models use the idea
of electrically charged astronomical objects to explain certain observable phe-
nomena [4, 5, 6, 7], some of them involving compact objects such as neutron
stars, quark stars, white dwarfs and black holes.
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This work is carried out with the main purpose of determining the influence
of the electric charge term in the Reissner-Nordstro¨m metric on the temperature
oscillations, following the same methodology as adopted in ref. [8]. To reach
this objective, we analyzed temperature oscillations for some theoretical models
of charged compact objects found in the literature [4, 5, 6, 7, 9]. The prob-
lem consists in a gas of particles in circular motion around a charged massive
object that produces a strong gravitational field. The motion is approximately
geodesic, so the geodesic deviation equation was used to describe it. Throughout
the article the convention (−,+,+,+) for the components of the metric tensor
is used.
We consider a rarefied gas inside a spacecraft in a circular orbit around a
charged massive object where the center of mass of the gas is moving on a cir-
cular orbit with geodesic deviation of the Reissner-Nordstro¨m metric. This is a
relativistic gas so it can be described using Boltzmann equation and, considering
the equilibrium, Maxwell-Ju¨ttner distribution function [10, 8]. From this, Tol-
man’s law
√−g00T = constant can be obtained, establishing a relation between
the temperature and the geometry of the spacetime in equilibrium [11, 13]. This
description using a Boltzmann gas at equilibrium is an idealized toy model, with
several limitations but perhaps can illustrate some features of a real situation.
In the present study, we obtained the proper frequencies of the motion by
analyzing the Lagrangian of a test particle of the gas in Reissner-Nordstro¨m
metric. These frequencies were obtained in order to compare them with the
frequencies calculated considering the geodesic deviation approximation for the
motion of the gas. The orbital motion of a test particle around compact objects
(in particular, the black hole in the galactic center) is subject for several recent
publications [14, 15, 16].
Because of the nature of the geodesic motion, it will be convenient to use
Fermi normal coordinates. These coordinates make the Christoffel symbols
vanish along the geodesic, leaving the metric locally rectangular [20]. The equi-
librium condition can be applied to an approximately geodesic motion by the
use of the geodesic deviation equation, since the perturbation terms are linear
in distance. The geodesic deviation equation leads to the same frequencies ob-
tained in the orbital motion analysis. The methodology applied in the present
study was already used to describe other physical situations, as for example to
calculate gravitational perturbation of the hydrogen spectrum [17], the Shirokov
effect for sattelite orbits [18], and gravitationally induced supercurrents related
to this effect [19].
The phenomena of QPOs (quasi-periodic oscillations) are present in many
galactic black holes and neutron star sources in low-mass X-ray binaries [21].
The frequencies of some QPOs are in the kHz range, corresponding to orbital
frequencies next from the central black hole or neutron star. These are known
as HF (high frequency) QPOs. These oscillations often show up in pairs, named
twin peak HF QPOs [22]. These two peaks correspond to different frequencies:
the upper peak is assumed to be the modulation of the azimuthal frequency,
whereas the lower one is a precession frequency. Typically, the ratio between
these two frequencies is equal to 3/2.
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This 3/2 ratio, along with other general properties of the double peak QPOs,
are supposed to reflect a non-linear resonance between epicyclic oscillations in
accretion fluid flows in super-strong gravity [23, 24]. These fluid accretion flows
admit two quasi-incompressible modes of oscillations, vertical and radial, with
corresponding eigenfrequencies equal to vertical and radial epicyclic frequencies
for free particles [21]. In the present study we found two frequencies for orbital
motion in the kHz range and the ratio of them is compared with the 3/2 ratio
found in QPOs.
This article is organized as follows: section 2 presents the thermodynamical
fundamentals needed for the analysis of the temperature oscillations. In sec-
tion 3, the methodology applied in this study is presented, obtaining the proper
frequencies of the particle motion in Reissner-Nordstro¨m metric. The gas in a
circular motion with geodesic deviation in Reissner-Nordstro¨m space-time is an-
alyzed in section 4 where the Fermi normal coordinates for a comoving observer
is introduced and the equations for the geodesic deviation are determined. The
results are presented and discussed in 5, with the calculation of the temperature
oscillations from Tolman’s law for some models of electrically charged compact
objects obtained in the literature. Section 6 contains the conclusions regarding
this research.
2 Kinetic theory and Tolman’s law
Consider a relativistic gas of particles with rest mass m in a spacetime with
metric tensor gµν . The mass shell condition gµνp
µpν = −m2c2 allows us to
describe the state of this gas by the one-particle distribution function f(~x, ~p, t)
in the phase space spanned by the spacetime coordinates (xµ) = (ct, ~x) and the
momenta (pµ) = (p0, ~p) [8]. The evolution of the distribution function in the
phase space is given by the Boltzmann equation [10]
pµ
∂f
∂xµ
− Γσµνpµpν
∂f
∂pσ
= Q(f, f), (1)
where Γσµν are the Christoffel symbols and Q(f, f) the collision operator. In
equilibrium, the distribution function becomes the Maxwell-Ju¨ttner distribution
function
f (0) =
n
4πkTm2cK2(ζ)
exp
(
U τpτ
kT
)
. (2)
Here n is the particle number density, T is the temperature, U τ is the four-
velocity, k is the Boltzmann constant. Kn(ζ) denotes modified Bessel functions
of the second kind with ζ = mc2/kT , given explicitly by
Kn(ζ) =
(
ζ
2
)n
Γ(1/2)
Γ(n+ 1/2)
∫ ∞
1
exp(−ζy)(y2 − 1)n− 12 dy (3)
Using the equilibrium distribution function (2) we can calculate the energy-
3
momentum tensor
T µν = c
∫
pµpνf (0)
√−g d
3p
p0
=
(
en+ p
c2
)
UµUν + pgµν (4)
In the equation (4), g denotes the determinant of the metric tensor, and the
energy per particle e and pressure p are given by
e = mc2
[
K3(ζ)
K2(ζ)
− 1
ζ
]
, p = nkT. (5)
In equilibrium the entropy-flow vector reduces to
Sµ = −kc
∫
pµf (0) ln f (0)
√−g d
3p
p0
= nsUµ (6)
where s denotes the entropy per particle
s = k
[
ln
(
4πkTm2cK2(ζ)
n
)
+ ζ
K3(ζ)
K2(ζ)
− 1
]
. (7)
The chemical potential µ is associated with the Gibbs function per particle
µ = e − Ts+ p/n and it is given by
µ = kT
[
1 + ln
n
4πkTm2cK2(ζ)
]
. (8)
Now using (8) the equilibrium distribution function (2) can be written as
f (0) = exp
(
µ
kT
− 1 + U
τpτ
kT
)
. (9)
The equilibrium distribution function (2) is obtained from the condition that
at equilibrium the collision operator Q(f, f) vanishes (for more details see e.g.
[10]). If we insert (9) into the left-hand side of Boltzmann equation (1) results
pν∂ν
[ µ
kT
]
− 1
2
pµpν
([
Uν
kT
]
;µ
+
[
Uµ
kT
]
;ν
)
= 0. (10)
The expression (10) is valid for all pµ so
∂ν
[ µ
kT
]
= 0,
[
Uν
kT
]
;µ
+
[
Uµ
kT
]
;ν
= 0. (11)
The right-hand expression of the above equation is known as Killing equation,
and Uν/kT is a (timelike) Killing vector. This expression can be rewritten as
[UµT
−1];ν + [UνT
−1];µ = Uµ;ν + Uν;µ − T−1(UµT,ν + UνT,µ) = 0 (12)
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By choosing suitable projections proportional and perpendicular to the four-
vector Uα we get from (12)
T˙ = 0, U˙µ +
c2
T
∇µT = 0. (13)
In the above relations we used the definitions T˙ ≡ Uµ∂µT, U˙µ ≡ UνUµ;ν ,
∇µT ≡ hνµT,ν with hµν = gµν + c−2UµUν denoting the projector.
The interpretation of equations (13) is that at equilibrium a gas must have
a stationary temperature and its acceleration must be counterbalanced by a
spatial temperature gradient [8]. Note that there are situations where equation
(13) is compatible with geodesic motion, as for example the case for equilibrium
tori [12], where even if temperature is not uniform within the gas, there may
be one world line on which it reaches a maximum value, and the world line
would be geodesic. However, for a rarefied gas in circular motion around a
charged massive object with strong gravitational field, the right-hand expression
of condition (13) is not compatible with a geodesic fluid motion, which would
require U˙µ = 0. In section 4.2 we shall return to this point.
We can obtain Tolman’s law by considering a fluid in rest with Uµ =(
c/
√−g00,~0
)
. Indeed, by taking into account the existence of a timelike Killing
vector amounts to a stationary metric, the acceleration equation reduces to
U˙µ = − c
2
g00
Γµ00 =
c2
2g00
gµνg00,ν . (14)
Hence, from the right-hand expression of (13) and from (14) we get
c2gµν [(ln
√−g00T ),µ] = 0, (15)
and it follows Tolman’s law
√−g00T = constant. (16)
The equilibrium condition given by the first equation (11) together with
Tolman’s law (16) implies Klein’s law [13], namely
√−g00µ = constant.
3 Equations of motion for a particle in Reissner-
Nordstro¨m metric
The Reissner-Nordstro¨m metric reads
ds2 = −
(
1− 2M
′
r
+
Q2
r2
)
(dx0)2 +
1(
1− 2M ′r + Q
2
r2
)dr2
+r2(dθ2 + sin2 θdφ2) = −c2dτ2, (17)
whereM ′ = GM/c2 and Q2 = q2G/(4πǫ0c
4). M and q denote the mass and the
electric charge of a massive and charged object, G is the gravitational constant, c
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the speed of light in vacuum and ǫ0 the vacuum permittivity. The coordinate x
0
corresponds to the temporal coordinate, and (r, θ, φ) are the spatial coordinates
in the spherical coordinate system. The invariant ds2 = −c2dτ2 defines the
proper time τ .
The event horizon for the Reissner-Norstro¨m metric is defined by the ex-
pression [3]:
∆ = r2 − 2M ′r +Q2. (18)
The roots of (18) are r+ =M
′+
√
M ′2 −Q2 and r− =M ′−
√
M ′2 −Q2. These
roots will be real and distinct if M ′2 > Q2. In this work we will adopt as the
Reissner-Norstro¨m radius RRN = M
′ +
√
M ′2 −Q2, i.e., the root r+ of (18).
This choice was taken in order to avoid the interchange of the spacelike and
timelike behavior of the coordinates r and t, that occurs in the region between
r+ and r− [25]. Other choices are possible but it’s needed to deal with points
where the behavior of spacelike and timelike coordinates change.
The orbital motion of a test particle with rest mass m in the plane θ = π/2
around a source of gravitational field with rest mass M and electric charge q is
described by the Lagrangian
L = m
2

 1(
1− 2M ′r + Q
2
r2
) (dr
dτ
)2
+ r2
(
dφ
dτ
)2
−
(
1− 2M
′
r
+
Q2
r2
)(
dx0
dτ
)2]
, (19)
while the generalized momenta corresponding to the cyclic coordinates x0 and
φ are expressed by
p0 =
∂L
∂
(
dx0
dτ
) = −m(1− 2M ′
r
+
Q2
r2
)(
dx0
dτ
)
= −E
c
, (20)
pφ =
∂L
∂
(
dφ
dτ
) = mr2 (dφ
dτ
)
= lφ. (21)
In the above equations E is the energy of the particle and lφ its angular mo-
mentum. In order to keep the dimensions, we will keep the value of c in our
calculations. The center of the spherical coordinate system are defined as the
center of the source of the gravitational field.
By introducing the dimensionless energy ǫ = E/mc2 and the dimension-
less angular momentum l = lφ/mc and taking into account a circular orbit of
constant radius, one can find from (17), (20) and (21) the relation:
ǫ2 =
(
1− 2M
′
r
+
Q2
r2
)(
1 +
l2
r2
)
. (22)
Furthermore, from the equation of motion for the test particle it follows that(
dr
dcτ
)2
+ V = ǫ2, (23)
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where V is an effective potential defined by
V =
(
1− 2M
′
r
+
Q2
r2
)(
1 +
l2
r2
)
. (24)
From the extreme values of the effective potential (maximum and minimum
points of the function, where dV/dr = 0) one can get the possible circular orbits
for the test particle, namely
l2 =
r2
(
M ′r −Q2)
r2 − 3M ′r + 2Q2 . (25)
Now the insertion of (25) into (22) leads to the following expression for the
dimensionless energy:
ǫ2 =
(
1− 2M
′
r
+
Q2
r2
)2(
r2
r2 − 3M ′r + 2Q2
)
. (26)
Equations (25) and (26) correspond to the values of the angular momentum and
energy of the test particle with rest mass m in orbital motion with θ = π/2.
By combining the expressions (21) and (25) for dφ/dτ and for the angular
momentum l and integrating the resulting equation yields
φ =
1
r
√
M ′r −Q2
r2 − 3M ′r + 2Q2 cτ, (27)
where the integration constant disappear with a simple redefinition of the vari-
able φ. The angular frequency ωφ for the particle motion can be defined as:
ωφ ≡ dφ
dτ
= ωN
√
r (r −Q2/M ′)
r2 − 3M ′r + 2Q2 , ωN =
√
GM
r3
. (28)
In (28), ωN is the Newtonian frequency in the limits r ≫M ′ and r ≫ Q. Note
that the definition for M ′ = GM/c2 was used.
According to ref. [1] another oscillation frequency can be obtained when the
particle is slightly displaced from the circular motion in the radial direction.
This radial frequency ωr is defined in terms of the second derivative of the
effective potential, namely
ωr ≡
√
c2
2
d2V
dr2
= ωN
√
r2 − 6M ′r + 9Q2 − 4Q4/M ′r
r2 − 3M ′r + 2Q2 . (29)
Here we have used the expression (25) for l2.
By considering a vanishing electric charge Q = 0 the two frequencies (28)
and (29) reduce to the expressions for a Schwarzschild metric [1]:
ωφ = ωN
√
r
r − 3M ′ , ωr = ωN
√
r − 6M ′
r − 3M ′ . (30)
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As was pointed out by Wald [1] the difference of the two frequencies implies
in a precession of the particle motion inside the range of the orbital plane. In
the Reissner-Nordstro¨m metric the precession frequency ωp is given by
ωp = ωφ
(
1− ωr
ωφ
)
= ωφ
(
1−
√
1− 6M ′/r + 9Q2/r2 − 4Q4/M ′r3
1−Q2/M ′r
)
. (31)
There are other frequencies that can be calculated from the Lagrangian of
the free particle (for example, frequencies related to the coordinate time x0 = t
such as dφ/dt). In the present work we calculated ωr and ωφ in order to compare
them with the frequencies obtained in the next section.
4 Gas in circular motion with geodesic deviation
in Reissner-Nordstro¨m space-time
We follow ref. [8] and consider a rarefied gas inside a spacecraft which is in a
circular orbit around an object with mass M and electric charge q. We assume
that the contributions of the spacecraft and the gas to the gravitational field
can be neglected and consider that the center of mass of the gas is moving
on a circular geodesic of the Reissner-Nordstro¨m metric. The geometry and
symmetries of the problem are explored by using the Fermi normal coordinates
(exploring the geodesic motion) and spherical coordinates (exploring the circular
orbit).
4.1 Fermi Normal Coordinates
In 1922, Enrico Fermi showed that, given any curve in a Riemannian manifold,
it’s possible to introduce coordinates near this curve in such a way that the
Christoffel symbols vanish along the curve, leaving the metric locally rectangular
[20]. If we consider the curve in question a geodesic, this particularization of
Fermi’s idea leads to a coordinate system known as Fermi normal coordinates.
In order to describe the local gravitational effects in the vicinity of the
geodesic, a smart choice for an observer at the center of mass is to use Fermi
normal coordinates [20], which are comoving and time-orthogonal coordinates
with the center of mass at rest in the origin. The proper time τ of the center on
the geodesic is the time coordinate while the spatial coordinates are orthogonal
space-like geodesics parametrized by the proper distance.
We begin by writing the non-vanishing components of the Riemann tensor
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for Reissner-Nordstro¨m metric in the case where θ = π/2:
R0¯1¯0¯1¯ = −
2M ′
r3
+
3Q2
r4
, R2¯3¯2¯3¯ = 2M
′r −Q2,
R0¯2¯0¯2¯ = R0¯3¯0¯3¯ =
M ′ −Q2/r
r
(
1− 2M
′
r
+
Q2
r2
)
,
R1¯2¯1¯2¯ = R1¯3¯1¯3¯ = −
M ′ −Q2/r
r
(
1− 2M
′
r
+
Q2
r2
)−1
. (32)
In the equations (32), the overbar denotes the original Reissner-Nordstro¨m
coordinates according to (17). The numerical index 0 denotes the temporal
coordinate, and the indexes (1, 2, 3) denote spatial coordinates.
For a circular geodesic in a Reissner-Nordstro¨m field, the Fermi normal
tetrads has the same form of the tetrads for a Schwarzschild field [26, 17], and
are given by:
(eα¯
0ˆ
) =
(
ǫ
X
, 0, 0,
l
r2
)
, (33)
(eα¯
1ˆ
) =
(
− l sin(αφ)
r
√
X
,
√
X cos(αφ), 0,− ǫ sin(αφ)
r
√
X
)
, (34)
(eα¯
2ˆ
) =
(
0, 0,
1
r
, 0
)
, (35)
(eα¯
3ˆ
) =
(
l cos(αφ)
r
√
X
,
√
X sin(αφ), 0,
ǫ cos(αφ)
r
√
X
)
, (36)
where the following abbreviations were introduced:
α =
√
r2 − 3M ′r + 2Q2
r
, X = 1− 2M
′
r
+
Q2
r2
. (37)
Given some initial time, (eα¯
1ˆ
) points to the radial direction and (eα¯
3ˆ
) points to
the tangential direction, while (eα¯
2ˆ
) is always perpendicular to the orbital plane.
On the circular geodesics
gαβ
∂xα
∂xµˆ
∂xβ
∂xνˆ
= ηµˆνˆ (38)
is valid, where ηµˆνˆ is the Minkowski metric. The tetrads are parallel transported
along the circular geodesic
Deµ¯αˆ
dτ
= 0, (39)
where the operator D/dτ is the absolute derivative with respect to the proper
time τ [25].
The components of Riemann tensor in Fermi normal coordinates can be
calculated by using the expression [20]:
Rµˆνˆσˆτˆ = Rα¯β¯γ¯δ¯ eˆ
α¯
µˆ eˆ
β¯
νˆ eˆ
γ¯
σˆeˆ
δ¯
τˆ , (40)
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where the hat over the indexes refers to coordinates in the Fermi system. The
non-vanishing components of the Riemann tensor are:
R0ˆ1ˆ0ˆ1ˆ =
(
2r2Q2 −M ′rQ2 − r3M ′)
2r4 (r2 − 3M ′r + 2Q2)
+
cos (2αφ)
2r4 (r2 − 3M ′r + 2Q2)
(
4Q2 − 3M ′r) (r2 − 2M ′r +Q2) , (41)
R0ˆ2ˆ0ˆ2ˆ =
M ′r −Q2
r2 (r2 − 3M ′r + 2Q2) , (42)
R0ˆ3ˆ0ˆ3ˆ =
(
2r2Q2 −M ′rQ2 − r3M ′)
2r4 (r2 − 3M ′r + 2Q2)
− cos (2αφ)
2r4 (r2 − 3M ′r + 2Q2)
(
4Q2 − 3M ′r) (r2 − 2M ′r +Q2) , (43)
R0ˆ1ˆ0ˆ3ˆ =
(
4Q2 − 3M ′r) (r2 − 2M ′r +Q2) sin (2αφ)
2r4 (r2 − 3M ′r + 2Q2) , (44)
R0ˆ1ˆ1ˆ3ˆ =
√
(r2 − 2M ′r +Q2) (M ′r −Q2)
r4 (r2 − 3M ′r + 2Q2)
(
3M ′r − 4Q2) cos(αφ), (45)
R0ˆ2ˆ1ˆ2ˆ = −
√
(r2 − 2M ′r +Q2) (M ′r −Q2)
r4 (r2 − 3M ′r + 2Q2)
(
3M ′r − 2Q2) sin(αφ).(46)
The following relations also hold:
R0ˆ3ˆ1ˆ3ˆ = −
(4Q2 − 3M ′r)
(2Q2 − 3M ′r)R0ˆ2ˆ1ˆ2ˆ, R0ˆ2ˆ2ˆ3ˆ = −
(2Q2 − 3M ′r)
(4Q2 − 3M ′r)R0ˆ1ˆ1ˆ3ˆ, (47)
R1ˆ2ˆ2ˆ3ˆ = −
(2Q2 − 3M ′r)
(4Q2 − 3M ′r)R0ˆ1ˆ0ˆ3ˆ, R1ˆ3ˆ1ˆ3ˆ =
(2Q2 − r2)
r2
R0ˆ2ˆ0ˆ2ˆ, (48)
R2ˆ3ˆ2ˆ3ˆ =
2Q2(r2 − 2M ′r +Q2) cos2(αφ)
r4(r2 − 3M ′r + 2Q2) −R0ˆ1ˆ0ˆ1ˆ, (49)
R1ˆ2ˆ1ˆ2ˆ =
2Q2(r2 − 2M ′r +Q2) sin2(αφ)
r4(r2 − 3M ′r + 2Q2) −R0ˆ3ˆ0ˆ3ˆ. (50)
The component g0ˆ0ˆ of the metric tensor up second order in geodesic deviation
in the Fermi normal coordinates is given by (see refs. [2, 20]):
g0ˆ0ˆ = −1−R0ˆnˆ0ˆmˆxnˆxmˆ. (51)
Because of the non-vanishing component R0ˆ1ˆ0ˆ3ˆ, the second order contribu-
tion in g0ˆ0ˆ is not diagonal. Here we use the same procedure adopted in ref.
[8] to obtain a simpler expression by performing a tetrad rotation around the
direction x2ˆ perpendicular to the orbital plane. The transformation is given by
E0¯ ≡ e0ˆ, E1¯ ≡ e1ˆ cos(αφ) + e3ˆ sin(αφ), (52)
E2¯ ≡ e2ˆ, E3¯ ≡ e1ˆ sin(αφ) − e3ˆ cos(αφ), (53)
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where (Eα¯
1ˆ
) always shows in the radial direction and (Eα¯
3ˆ
) always shows in the
tangential direction. So that the components of the Riemann tensor in the
rotated system can be calculated through
Rabcd =
∂Eµ¯
∂eaˆ
∂Eν¯
∂ebˆ
∂Eσ¯
∂ecˆ
∂Eτ¯
∂edˆ
Rµˆνˆσˆτˆ . (54)
In this frame, the relevant Riemann tensor components for the calculation
of g00 take a simpler form:
R0101 =
2Q4 − 6M ′rQ2 + 3Q2r2 − 2M ′r3 + 3M ′2r2
r4(r2 − 3M ′r + 2Q2) , (55)
R0202 =
M ′r −Q2
r2(r2 − 3M ′r + 2Q2) , R0303 =
M ′r −Q2
r4
. (56)
Using the above expressions for the components of the Riemann tensor in
(51) we obtain:
g00 = −1 + 2M
′r3 − 3(M ′2 +Q2)r2 + 6M ′Q2r − 2Q4
r4(r2 − 3M ′r + 2Q2) (x
1)2
− M
′r −Q2
r2(r2 − 3M ′r + 2Q2) (x
2)2 − M
′r −Q2
r4
(x3)2. (57)
One important consequence of the choice of the tetrads (52) and (53) is that
they are no longer parallel transported. From the condition of parallel transport
of the tetrads De1ˆ/dτ = 0 and De3ˆ/dτ = 0 and the relationships (52) and (53)
it follows that
DE1¯
dτ
=
√
M ′ −Q2/r
r3
E3¯,
DE3¯
dτ
= −
√
M ′ −Q2/r
r3
E1¯. (58)
The above equations imply that the tetrad transformations describe a rotation
with frequency
ω =
√
M ′ −Q2/r
r3
, (59)
with non-vanishing Christoffel symbols on the geodesic and mixed space-time
terms linear in xi in the metric, namely (see ref. [8])
Γ103 =
√
M ′ −Q2/r
r3
Γ301 = −
√
M ′ −Q2/r
r3
, (60)
g01 =
√
M ′ −Q2/r
r3
x3 g03 = −
√
M ′ −Q2/r
r3
x1. (61)
4.2 Geodesic deviation
A geodesic fluid motion is characterized by the condition that the four-velocity
obeys the equation U˙µ = 0. The four-velocity of a gas at equilibrium is not
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compatible with the equation of the geodesic motion, since it depends on the
gradient of the temperature (see ref. [8, 10]), namely
U˙µ +
c2
T
∇µT = 0. (62)
However, that terms that ”perturb” the geodesic behavior are linear in dis-
tance, so the equation of geodesic deviation can be applied in our problem [8].
The general equation for geodesic deviation for a vector ξα orthogonal to the
geodesics is
D2ξα
dτ2
+RαγµνU
γUνξµ = 0, (63)
where D2ξα/dτ2 is given by
D2ξα
dτ2
=
d2ξα
dτ2
+ Γαβγ,ρ ξ
β dx
ρ
dτ
dxγ
dτ
+ 2Γαβγ
dξβ
dτ
dxγ
dτ
+ΓαβγΓ
β
ρσξ
ρ dx
σ
dτ
dxγ
dτ
+ Γαβγξ
β d
2xγ
dτ2
. (64)
The last term in (64) can be written as
Γαβγξ
β d
2xγ
dτ2
= −Γαβγξβ
[
ΓγκλU
κUλ +
c2
T
∇γT
]
, (65)
thanks to the second equilibrium equation (13) which can be rewritten as
U˙γ =
DUγ
dτ
=
D2xγ
dτ2
= −c
2
T
∇γT, d
2xγ
dτ2
= −ΓγκλUκUλ −
c2
T
∇γT. (66)
By neglecting the second-order contributions of the temperature gradient,
approximating the four-vector by (Uµ) = (c,~0) and neglecting the second-order
contributions to g00 = −1 +O(x2), the expression (63) can be written as
d2xa
dτ2
+ 2cΓaβ0
dxβ
dτ
− c2ΓaβγxβΓγ00 + c2Γaβ0Γβρ0xρ + c2gaβRβ0µ0xµ = 0, (67)
when one considers only the perturbation terms with linear dependence in the
distance and makes use of the expression
RαγµνU
γUνξµ = c2gαβRβ0µ0ξ
µ. (68)
In (67) the spatial components of ξa were identified with the components of
the tetrad system xa.
Now by using the expressions for the components of the Riemann tensor (55),
(56), Christoffel symbol (60) and metric tensor (61) and replacing a = 1, 2, 3 in
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(67), we get a system of differential equations for the spatial components of xa:
d2x1
dτ2
+ c2
[
4Q4 − 11M ′rQ2 + 4Q2r2 − 3M ′r3 + 6M ′2r2
r4 (r2 − 3M ′r + 2Q2)
]
x1
−2c
√
M ′ −Q2
r4
dx3
dτ
= 0, (69)
d2x2
dτ2
+
c2(M ′r −Q2)
r2(r2 − 3M ′r + 2Q2)x
2 = 0, (70)
d2x3
dτ2
+ 2c
√
M ′r −Q2
r4
dx1
dτ
= 0. (71)
From the above system of differential equations we infer that (70) decouples
from the two other equations and has a real solution given by
x2 = x20 sin(Ωτ), (72)
where Ω denotes the frequency of the harmonic motion of the x2 component
Ω = ΩN
√
r(r −Q2/M ′)
r2 − 3M ′r + 2Q2 , ΩN =
√
GM
r3
. (73)
Note that Ω coincides with the orbital frequency ωφ for the test particle in (28).
The real solutions of the coupled system of equations (69) and (71) read
x1 = x10 sin(ωτ), (74)
x3 = 2
√
(M ′r −Q2)(r2 − 3M ′r + 2Q2)
M ′r3 − 6M ′2r2 + 9Q2M ′r − 4Q2x
1
0 cos(ωτ). (75)
Here ω characterizes oscillations in the plane (x1, x3)
ω = ωN
√
r3 − 6M ′r2 + 9Q2r − 4Q4/M ′
r(r2 − 3M ′r + 2Q2) , ωN =
√
GM
r3
, (76)
and it coincides with the radial frequency ωr for the test particle (29). This
frequency refers to oscillations in the tangential direction and describes an ellipse
in the (x1, x3) plane. However here there is no precession in the orbital plane
for a comoving observer.
In the limit r ≫ M ′ and r ≫ Q these frequencies coincide, i.e., Ω = ΩN =
ω = ωN .
4.3 Frequencies and orbit stability
By analyzing the oscillation frequencies Ω and ω given by (73) and (76), we can
infer that the roots of the following polynomials:
r3 − 6M ′r2 + 9Q2r − 4Q4/M ′ = 0, (77)
r2 − 3M ′r + 2Q2 = 0, (78)
13
represent critical points for the analysis of the frequencies, because these poly-
nomials are the denominators of frequency expressions (73) and (76). The poly-
nomial in equation (77) has one real root, namely
rω0 = 2M
′ +
4M ′2 − 3Q2
D1/3
+D1/3, (79)
where
D = 8M ′3 − 9M ′Q2 + 2Q4/M ′ +
√
5M ′2Q4 − 9Q6 + 4Q8/M ′2. (80)
The polynomial in equation (78) has two real roots:
rω− =
1
2
(3M ′ −
√
9M ′2 − 8Q2), rω+ =
1
2
(3M ′ +
√
9M ′2 − 8Q2) (81)
It’s important to note that the radii from expressions (79) and (81) are
not related with the event horizons defined by the roots of equation (18), but
represent limit points of orbit instability. Another important point for this
analysis is when r = Q2/M ′, since at this point Ω = 0. At this point we can
analyze the following regimes for orbital stability:
• r > rω0 : in this region, all circular orbits are stable. When r reaches the
limit r → rω0 , we have ω → 0 and the oscillations are frozen in the x1−x3
plane, being restricted to the x2 plane.
• rω+ < r < rω0 : in this region, there exist unstable circular trajectories.
Here, ω becomes imaginary and we have exponential instabilities in the
x1 − x3 plane. The oscillations grows to infinity when the limit r = rω+
is approached.
• rω− < r < rω+ : in this region there also unstable trajectories. But here,
Ω becomes imaginary and the exponential instabilities are in the x2 plane.
When r reaches the limit r→ Q2/M ′, we have Ω→ 0 and the oscillations
are frozen in the x2 plane, being restricted to the x1 − x3 plane.
If the charge values Q are small, we can expand the frequencies ω and Ω in
series around Q = 0, yielding
ω
ωN
=
√
r − 6M ′
r − 3M ′ +
Q2(7r − 15M ′)
2r
√
(r − 6M ′)(r − 3M ′)3 +O(Q
3), (82)
Ω
ΩN
=
√
r
r − 3M ′ −
Q2(r −M ′)
2M ′
√
r(r − 3M ′)3 +O(Q
3). (83)
In the limit Q→ 0 the frequencies Ω and ω reduce to those found in ref. [8]
for a Schwarzschild metric.
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5 Temperature oscillations
Let us turn to the problem of a gas at equilibrium inside a spacecraft in a
circular geodesic motion in a spacetime described by the Reissner-Nordstro¨m
metric. As was pointed out the temperature field obeys Tolman’s law
√−g00T =
constant and if T0 is a constant equilibrium temperature on the geodesics, we
can approximate the temperature field in the vicinity of the central geodesic by
using (57), yielding
T
T0
≈ 1 + 2M
′r3 − 3(M ′2 +Q2)r2 + 6M ′Q2r − 2Q4
2r4(r2 − 3M ′r + 2Q2) (x
1)2
− M
′r −Q2
2r2(r2 − 3M ′r + 2Q2) (x
2)2 − M
′r −Q2
2r4
(x3)2. (84)
Now the replacement of the values of x1, x2 and x3 from (74), (72) and (75)
in the temperature profile (84) results:
T − T0
T0
= ∆(τ) =
M ′(x10)
2
4r3
[(A−B)− (A+B) cos(2ωτ)
−C
(
x20
x10
)2
(1− cos(2Ωτ))
]
, (85)
where the coefficients A, B and C are given by:
A =
2M ′r3 − 3(Q2 +M ′2)r2 + 6M ′Q2r − 2Q4
M ′r(r2 − 3M ′r + 2Q2) (86)
B =
4(M ′r −Q2)2(r2 − 3M ′r + 2Q2)
M ′r(M ′r3 − 6M ′2r2 + 9Q2M ′r − 4Q4) (87)
C =
r(M ′r −Q2)
M ′(r2 − 3M ′r + 2Q2) . (88)
The coefficients A, B and C as well as the frequencies Ω and ω, can be deter-
mined from knowledge of the mass, electric charge and radius of the gravitational
field source. The constants x10 e x
2
0 are free parameters.
Note that ∆(τ) is a dimensionless and normalized amplitude of the tem-
perature oscillations. It was chosen because it can be calculated even if we do
not know the equilibrium temperature. In the next subsections this amplitude
will be analyzed for some theoretical models from the literature that consider
the existence of electric charge in some compact objects. The problem con-
sists of a gas in circular orbit around a charged massive object that produces a
strong gravitational field. To avoid the region between the event horizons of the
Reissner-Nordstro¨m metric, where occurs the interchange of the spacelike and
timelike components of the metric tensor [25], circular orbits with r = 5RRN ,
where RRN is the Reissner-Nordstro¨m radius, are considered. The choice of
this multiple of the Reissner-Nordstro¨m radius is arbitrary but also takes into
account the orbit stability. We also take x10 = x
2
0 = 1.
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Table 1: Charged compact stars.
M(M⊙) r = 5RRN (km) q(×1020C) ω(kHz) Ω(kHz) Ω/ω
1.430 21.030 0.259 3.413 5.399 1.582
1.765 24.275 1.517 3.027 4.826 1.595
2.728 33.769 3.434 2.250 3.657 1.626
5.248 59.560 7.576 1.306 2.173 1.663
12.150 132.240 18.314 0.594 1.002 1.686
Table 2: Charged quark stars.
M(M⊙) r = 5RRN (km) q(×1020C) ω(kHz) Ω(kHz) Ω/ω
2.02 29.791 0 2.407 3.806 1.581
2.07 29.923 0.989 2.414 3.824 1.584
2.15 30.362 1.486 2.398 3.810 1.589
2.25 30.824 1.982 2.387 3.808 1.595
For each of the analyzed models, graphs are plotted relating the normalized
amplitude ∆(τ) and the proper time τ , using different mass and electric charge
configurations. For each case the ratio between the frequencies Ω/ω is also
calculated.
5.1 Charged compact stars and charged quark stars
In 2003 Ray et al [4] presented a model to describe the effect of electric charge
on compact stars, assuming that the charge distribution is proportional to the
mass density. This model consider a polytropic equation of state for charged
stars. Based on the mass and electric charge values for compact stars provided
from ref. [4] the table 1 was elaborated, containing, in addition to mass and
electric charge, the orbit radius r = 5RRN and the ratio between frequencies
Ω/ω.
In 2009 Negreiros et al [9] presented a model for electrically charged quark
stars. These stars are formed from a compression process similar to that forming
neutron stars, but much more intense, where the neutrons decay to the quarks
that constitute them. Based on the values provided by ref. [9], the table 2 was
elaborated, containing values of mass, electric charge, orbit radius r = 5RRN
and ratio between the frequencies Ω/ω for quark stars.
Using the values provided by the tables 1 and 2, graphs relating the nor-
malized amplitude of the temperature oscillations and proper time are plotted
and shown in the figures 1 and 2. Comparing the plots shown in these figures
we can notice that the increase on the mass appears to affect the amplitude of
temperature oscillations more than the increase on electric charge. It occurs
due to the factor M ′/4r3 in the expression (85). The radius is a multiple of the
Reissner-Nordstro¨m radius, so it is also a function of the mass and the charge
according with the positive root of the expression (18). In our analysis we con-
sider always M > Q to get real roots, so the factor M ′/4r3 is O(M ′−2). This
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Figure 1: Normalized amplitude of the temperature oscillations of a gas in
circular motion around electrically charged compact stars with mass 1.43M⊙
(straight line), 1.765M⊙ (dashed line) and 12.15M⊙ (dot-dashed line). The
proper time τ is expressed in seconds (s).
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Figure 2: Normalized amplitude of the temperature oscillations of a gas in circu-
lar motion around electrically charged quark stars with mass 2.02M⊙ (straight
line) and 2.25M⊙ (dashed line). The proper time τ is expressed in seconds (s).
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Table 3: Charged black hole at the galactic center.
M(M⊙) r = 5RRN (km) pq ω(mHz) Ω(mHz) Ω/ω
4.3× 106 1.18× 108 −6.4 0.471 0.764 1.622
4.3× 106 6.34× 107 0 1.131 1.789 1.581
4.3× 106 3.17× 107 1 2.443 5.462 2.236
is the reason why the increase of the mass causes a decrease in the amplitude
of the temperature oscillations. However, if we keep the mass constant and in-
crease the charge, the amplitude tends to decrease because of the minus signal
of the charge term in the root of expression (18). We also can notice that the
curves shown in figure 2 are much closer than the others in figure 1. This occurs
because the increasing in charge and mass for the quark stars listed in table 2
are small compared to the other star models. We can see that in the figure 1,
the curves for 1.43M⊙ and 1.765M⊙ are closer from each other than the curve
for 12.15M⊙, because the increasing in mass and charge for the later is much
larger than for the former ones.
5.2 Charged black holes
In 2011 Bin-Nun [5] presented a model for describing electrically charged massive
objects. This model considers the charge term in the Reissner-Nordstro¨m metric
in terms of a proportion of the mass (Q′ = Q2 = 4pqM
2, with pq as a free
parameter). According to this model, the quantity Q′ = Q2 of the Reissner-
Nordstro¨m metric can be interpreted as a free parameter rather than a physical
quantity such as electric charge. This interpretation considers the charge term
as a result of a tidal gravitational effect [27], known as TRN (Tidal Reissner-
Nordstro¨m). According to the TRN, the parameter pq can assume negative
values.
A modification to this model was made in 2014 by Zakharov [6], expressing
the free parameter pq as pq = Q
2/M2 without the 1/4 factor. This will be
the expression adopted in the present analysis. Zakharov also presents some
mass values for two black holes: one at the galactic center with mass MBH =
(4, 3± 0, 4)× 106M⊙ and another located in the elliptic galaxy M87 with mass
MM87 = (6, 2 ± 0, 4) × 109M⊙. These values were obtained by observational
measurements [28, 29].
The charge parameter pq assumes the values 0 or 1, where pq = 0 represents
the absence of electric charge (Schwarzschild) and pq = 1 represents the case
where Q2 = M2, a situation known as ERN (Extremal Reissner-Nordstro¨m).
The negative value of the charge parameter pq represents the TRN configuration.
Based on the article by Zakharov [6] the tables 3 and 4 were elaborated,
containing the mass, the different values of the charge parameter pq, the orbit
radius r = 5RRN and the ratio between frequencies Ω/ω for the two black holes
considered in the article.
Using the values provided by tables 3 and 4, graphs similar to the one
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Table 4: Charged black hole at M87.
M(M⊙) r = 5RRN (km) pq ω(µHz) Ω(µHz) Ω/ω
6.2× 109 1.70× 1011 −6.4 0.326 0.529 1.622
6.2× 109 9.14× 1010 0 0.784 1.240 1.581
6.2× 109 4.57× 1010 1 1.694 3.788 2.236
0 2000 4000 6000 8000 10000
τ
-1e-11
-5e-12
0
∆ (τ)
Figure 3: Normalized amplitude of the temperature oscillations of a gas in
circular motion around a electrically charged black hole at the galactic center
with charge parameter pq = 0 (dashed line) and pq = 1 (straight line). The
amplitude ∆(τ) is multiplied by a 1010 scale factor. The proper time τ is
expressed in seconds (s).
0 2000 4000 6000 8000 10000
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Figure 4: Normalized amplitude of the temperature oscillations of a gas in
circular motion around a electrically charged black hole at the galactic center
with charge parameter pq = 0 (straight line) and pq = −6.4 (dashed line).
The amplitude ∆(τ) is multiplied by a 1010 scale factor. The proper time τ is
expressed in seconds (s).
19
shown in the figure 3 have been plotted. The plot in 3 relates the amplitude
of temperature oscillations and the proper time for the situations where pq = 0
(Schwarzschild case) and pq = 1 (ERN case). The plot in 4 relates the ampli-
tude of temperature oscillations and the proper time for the cases where pq = 0
(Schwarzschild case) and pq = −6.4 (TRN case). Comparing the plots shown in
figures 3 and 4 we can notice that the curve with charge parameter pq = −6.4
has the smaller values for the amplitude of the oscillations. It occurs because of
the factor M ′/4r3 in the expression (85), where the radius is a multiple of the
Reissner-Nordstro¨m radius. The negative value of the parameter pq causes the
square root in expression (18) always to have real roots, even if M < Q. So the
factor M ′/4r3 is O(M ′−2), with the charge contributing to increase the mass
and subsequently decreasing the amplitude of the temperature oscillations. We
can also infer that the time scale in 3 and 4 is much larger than the time scale
for the other previous models. It is related with the values of the masses of the
black holes, which are much larger than the other compact objects.
By analyzing the tables 3 and 4 we can realize that the values of the ratio
Ω/ω for the two black holes are the same for all values of pq, even for different
masses. This suggests that for this model, the ratio Ω/ω does not depend on
the mass, but only on the parameter pq. In fact, we will show that for a model
that considers the electric charge proportional to mass by a factor pq, the ratio
Ω/ω depends only on pq. To proof this assertion, let us build the ratio Ω/ω
from (73) and (76) by considering Q2 = pqM
′2 as in Bin-Nun’s model, namely
Ω
ω
=
√
r3 − r2pqM ′
r3 − 6M ′r2 + 9pqM ′2r − 4p2qM ′3
. (89)
Now by taking the orbit radius as a multiple of the Reissner-Nordstro¨m radius,
we have:
r = N
[
M ′(1 +
√
1− pq)
]
= NM ′h, (90)
where N is a real positive number and h = 1+
√
1− pq. Replacing this in (89)
we obtain:
Ω
ω
=
√
N3h3 −N2h2pq
N3h3 − 6N2h2 + 9Npqh− 4p2q
. (91)
Therefore we conclude that Ω/ω is only function of pq.
5.3 Charged white dwarfs
This model presented in 2014 by Liu et al [7] suggests the possibility that electri-
cally charged white dwarf stars are responsible for the formation of supernovae.
These stars would have masses above the Chandrasekhar limit of 1, 4M⊙, so
they would be unstable white dwarfs that would continue to collapse. In this
model the polytropic equation of state was considered for exact solutions, and
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Table 5: Charged white dwarfs.
M(M⊙) r = 5RRN (km) q(×1020C) ω(kHz) Ω(kHz) Ω/ω
1.4325 13.622 2.35 5.899 10.559 1.789
1.5168 15.967 2.35 4.955 8.460 1.707
1.7970 21.816 2.35 3.502 5.719 1.633
1.954 24.678 2.35 3.060 4.953 1.618
2.4419 32.906 2.35 2.248 3.596 1.599
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Figure 5: Normalized amplitude of the temperature oscillations of a gas in
circular motion around a electrically charged white dwarf with mass ≈ 1.43M⊙
(straight line) and ≈ 2.44M⊙ (dashed line). The proper time τ is expressed in
seconds (s).
a general equation of state (based on the equation of state of the free electron)
was considered for numerical solutions. For the present analysis the electric
charge was considered with a constant value, with variable values of the mass.
In this way we can see the role of the mass in the temperature oscillations.
Based on the values provided by the article of Liu et al [7], the table 5 was
elaborated, containing, in addition to mass and electric charge, the value of
the orbit radius r = 5RRN and the ratio between frequencies Ω/ω of the white
dwarf stars analyzed in the article.
Using the values provided by the table 5 graphs similar to the one shown
in the figure 5 have been plotted. The plot in 5 relates the amplitude of tem-
perature oscillations and proper time for the mass values of ≈ 1, 43M⊙ and
≈ 2, 44M⊙.
6 Summary and Conclusions
In this work the normalized amplitudes of temperature oscillations of a gas in a
circular geodesic motion in Reissner-Nordstro¨m space-time was determined by
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following the same methodology of ref. [8] where the Schwarzschild metric was
used. The proper frequencies derived from the equations of the geodesic devia-
tion in Reissner-Nordstro¨m metric were the same found by using the equations
of motion. The expressions obtained for the temperature profile calculated from
Tolman’s law and the behavior of the oscillations were also consistent with the
results of ref.[8].
After these calculations the obtained expression were used to calculate the
amplitudes of temperature oscillations for some theoretical models for charged
compact objects: compact stars, quark stars, black holes and white dwarfs.
These oscillations presented frequencies of the same range (kHz) as the fre-
quencies found in QPO phenomena (with exception of the supermassive black
holes, but the frequencies scale with the inverse of the mass and for this reason
are in the µHz range [24]), so we calculate the ratio between the frequencies and
compare with the 3/2 ratio found in the literature about QPOs. Similar results
were found, as for example the equilibrium tori model [12]. This model uses the
equations of fluid mechanics to calculate the frequencies for some metrics [30],
including Reissner-Nordstro¨m, and the ratio 3/2 was also obtained [31].
For the compact and quark star models, it has been found that the Ω/ω
ratio is closer to 3/2 for the configurations with the lowest values of charge and
mass. It was also shown that small variations in mass can compensate for large
variations in electric charge, as observed in the quark star model.
The model for black holes presented mass and charge values many orders
of magnitude higher than the other compact objects analyzed, consequently
the amplitude values were smaller by many orders of magnitude. To allow
comparison with the results obtained from the other models, it was necessary
to multiply the amplitudes by a scale factor. Although any value of charge and
mass could be chosen for our analysis, it was preferred to use values from a
model found in the literature. For this model, where the electric charge was
taken proportional to the mass, it was possible to show that the ratio Ω/ω does
not depend on mass but only on the proportionality factor between charge and
mass. We can also observe that the ratio Ω/ω increases with the electric charge.
For the situation with charge parameter pq = 1, this value is much larger than
3/2, but this is an extreme limiting case.
The white dwarf model allowed to analyze the variation of mass with con-
stant electric charge. Comparing the analysis of this model with that of the
black holes, it was possible to verify that the role of the charge term is the op-
posite of the mass term, that is, while the increase of mass produces a reduction
in the frequencies, amplitude and in the ratio between frequencies, the increase
of the electric charge produces an inverse effect. This behavior reflects the fact
that the mass term and the electric charge term have opposite signs in the ex-
pression of the Reissner-Nordstro¨m metric. In this way, the main objective of
the work was reached, which was the determination of the role of the charge
term in the behavior of temperature oscillations of a gas in geodesic motion in
the presence of a Reissner-Nordstro¨m metric.
Although the QPOs and the problem treated in the present work are not the
same problem, they have some features in common. The study of a gas in circu-
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lar geodesic motion around a charged compact object based in the Lagrangian
of a free particle motion reveals the existence of two proper frequencies: ω asso-
ciated with the radial frequency ωr and Ω associated with the orbital frequency
ωφ. The existence of these two frequencies and the relativistic strong field regime
suggests that these two problems can share some common behaviors. For these
reasons we also calculate the ratio between the frequencies Ω/ω in our analysis.
As said in the introdution, this is an idealized toy model with several limitations
but some results are compatible with the values found for QPOs.
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